ABSTRACT. In the first part of this paper we study geometric formality for generalized flag manifolds, including full flag manifolds of exceptional Lie groups. In the second part we deal with the problem of the classification of invariant almost complex structures on generalized flag manifolds using topological methods.
INTRODUCTION
In this paper we study geometric formality and classification of almost complex structures on generalized flag manifolds (or Kähler C-spaces). This class of homogeneous spaces is defined taking the quotient G/P of a complex simple non-compact Lie group G by the normalizer of a parabolic sub-algebra p of the Lie algebra g = Li e(G). Equivalently, a generalized flag manifold is defined as U /K , where U is the maximal compact sub-group of G and K = P ∩U is a centralizer of a torus. It is well known that generalized flag manifolds have a rich Riemannian and Hermitian geometry (see for instance [6] ).
In the first part of this paper we study the problem of geometric formality for generalized flag manifolds. On a general Riemannian manifold, wedge products of harmonic forms are not usually harmonic. But there are some examples where this does happen, like compact globally symmetric spaces. Motivated by examples of closed surfaces of genus ≥ 2 (in this case there are non-trivial harmonic 1-form for any metric, but every 1-form has zeros), Kotschick in [11] introduced the notion of geometrically formal manifolds: a smooth manifold is geometrically formal if it admits a Riemannian metric for which all exterior products of harmonic forms are harmonic.
Classical examples of geometrically formal manifolds are compact symmetric spaces and Stiefel manifolds (real, complex, quaternionic and octonionic). Geometric formality implies the formality in the sense of Sullivan, and in fact it is more restrictive. For instance, in [12] Kotschick-Terzić proved that all generalized symmetric spaces of compact simple Lie groups are formal in the sense of Sullivan, and that many of them are not geometrically formal.
Regarding non-geometric formality on flag manifolds the following examples are already known: full flag manifolds G/T where G is a classical Lie group (SU (n), SO(n), Sp(n)) or G = G 2 ([12] ); the family of generalized flag manifolds SU (n +2)/S(U (n)×U (1)×U (1)) ( [13] ); Wallach flag manifolds with positive sectional curvature ( [2] ).
Our first result proves the non-geometric formality for full flag manifolds associated to exceptional Lie groups. Since these Lie groups complete the list of compact simple Lie groups, one can state the following result:
Theorem. The full flag manifolds G/T , with G compact simple Lie groups are not geometrically formal.
We also provide a large family of examples of non-geometrically formal flag manifolds (for details, see Section 7). In the second part of the paper, we study Chern numbers of invariant almost complex structures on generalized flag manifolds. The classification of Hermitian structures on full flag manifolds was carried out by San Martin-Negreiros in [18] . In [19] San MartinSilva study the invariant Nearly-Kähler structures on flag manifolds. We remark that in both works cited above, the Lie theoretical methods was used in a crucial way. On other hand, the classification of invariant Hermitian structures on generalized flag manifolds remain an open problem. Therefore, it is a natural question to classify the invariant almost complex structures (or more generally Hermitian structures) on generalized flag manifolds.
In this work we use characteristic classes in order to classify these invariant almost complex structures in some flag manifolds. More precisely, using the Chern numbers joint with a classical result due to Borel-Hirzebruch we obtain in some cases the classification of such invariant almost complex structures (up to conjugation and equivalence).
Theorem. The following generalized flag manifolds
SU (6)/S(U (1) ×U (2) ×U (3)), SU (7)/S(U (1) ×U (2) ×U (4)),
SU (8)/S(U (1) ×U (2) ×U (5)),

SU (8)/S(U (1) ×U (3) ×U (4)) have precisely 4 invariant almost complex structures up to conjugation and equivalence; 3 of them are integrable and the fourth is non-integrable.
We also obtain the classification of invariant almost complex structures for the infinity family of flag manifolds SU (3n)/S(U (n) ×U (n) ×U (n)):
Theorem. The family of generalized flag manifolds SU (3n)/S(U (n) × U (n) × U (n)) has two invariant almost complex structures, up to conjugation and equivalence: one is an integrable structure and the other is non-integrable.
With respect to other Lie groups, we obtain a partial classification for several generalized flag manifolds of the classical Lie groups SO(n), Sp(n) 2. GENERALIZED FLAG MANIFOLDS AND k-SYMMETRIC SPACES 2.1. Generalized flag manifolds. Let g be a complex semi-simple Lie algebra and h be a Cartan sub-algebra of g. Denote by Π the set of roots of the pair (g, h) and consider the decomposition
where g α = {X ∈ g : ∀H ∈ h,[H, X ] = α(H )X } is the complex root space (with complex dimension one).
The Cartan-Killing form on g is given by
and its restriction to h is non-degenerated. Given α ∈ h * , we define H α by α(·) = 〈H α , ·〉 and h R = span R {H α : α ∈ Π}.
We fix a Weyl basis of g, that is,
Let Π + ⊂ Π be a set of positive roots, Σ the corresponding set of simple roots and Θ a subset of Σ. We fix the following notation: 〈Θ〉 is the set of the roots spanned by Θ, Π M = Π \ 〈Θ〉 is the set of complementary roots and Π + M is the set of complementary positive roots.
be a parabolic sub-algebra g determined by Θ. Definition 2.1. A generalized flag manifold F Θ associated to g and Θ is the homogeneous space
where G is a complex Lie group with Lie algebra g and P Θ is the normalizer of p Θ on G.
Let u be a compact real form of g and U = exp(u). We have
where
Let k Θ be the Lie algebra of K Θ := P Θ ∩U . By construction K Θ ⊂ U is the centralizer of a torus of G. We denote by k
Since U is compact and acts transitively on F Θ , we have
If Θ = , we have
is a minimal parabolic sub-algebra (that is, a Borel sub-algebra) of g and
is called full flag manifold, where B is a Borel subgroup and T = B ∩U is a maximal torus of U .
The isotropy representation.
We denote by x 0 = eK Θ the origin of the flag manifold. Since F Θ = U /K Θ is a reductive homogeneous space, the Lie algebra of U decomposes into
and T x 0 F Θ . In some cases we write just m instead m Θ .
The isotropy representation identifies with Ad(k) | m Θ : m Θ −→ m Θ and it is completely reducible, that is,
where each m i is an indecomposable and non-equivalent sub-representation (or equivalently, irreducible and non-equivalent k Θ -sub-modules).
The description of the irreducible sub-modules is given in the following way:
Consider the following sub-algebras:
where k ′C is the semi-simple part of k C .
We consider the restriction map
Definition 2.2. The elements of
R T := κ(Π M ) are called T -roots.
Theorem 2.3 ([4]). There exists a 1-1 correspondence between T -roots ξ and irreducible ad(k
These sub-modules are non-equivalent as k
Therefore a decomposition of m C into irreducible ad(k C )-modules is given by
We observe that the complex conjugation τ of g C , interchanges the root spaces g α and g −α , and consequently interchanges m ξ and m −ξ . We have the following decompo-
where R + T = κ(R + ) denote the set of positive T -roots, and n τ denotes the set of the fixed points of τ in a vector sub-space n ⊂ g C .
2.3. k-symmetric spaces. Let (M, g ) be a Riemannian manifold and x ∈ M. An isometry of (M, g ) with isolated fixed point x is called a symmetry of (M, g ) at x. Definition 2.4. Assume that (M, g ) admits a set {s x : x ∈ M} of symmetries. We call {s x : x ∈ M} of a Riemannian k-symmetric structure on (M, g ) if, for x, y ∈ M we have:
Then (M, g ) with a Riemannian k-symmetric structure is called a k-symmetric space.
Let M = G/K be a homogeneous space with origin o = eK (trivial coset) and g be a G-invariant Riemannian metric. We call the pair (M, g ) a Riemannian homogeneous space.
Given an automorphism θ of G we define G Θ to be the set of fixed points of θ and G Θ 0 the connected component of the identity.
Proposition 2.5. Suppose that exist an automorphism Θ of G such that
• Θ k = 1 and Θ l = 0 for any l < k;
• Let s be the transformation of M defined by π • Θ = s • π. Then s preserves the metric at o.
Remark 2.6. We remark that if k = 2, G/K is called symmetric space. In general ksymmetric spaces are also called generalized symmetric spaces.
The next Proposition, proved by Tojo in [21] (see also Burstall-Rawnsley [9] ), shows that every generalized flag manifold is a k-symmetric space. This result will be very useful in this work. 
INVARIANT ALMOST COMPLEX STRUCTURES
Definition 3.1. An almost complex structure on the flag manifold F Θ is a tensor J Θ such that for each point x ∈ F Θ we have an endomorphism 
Therefore an invariant almost complex structure J Θ satisfies (J Θ ) 2 = −1 and commutes with the adjoint action of
The eigenvalues of J Θ are ±i and the eigenvectors are
In this way we obtain a description of an invariant almost complex structure on F Θ : they are completely described by a set of signs {ε α , with ε α = ±1, α ∈ Π \ 〈Θ〉, such that ε α = −ε −α }.
By simplicity we will denote an invariant almost complex structure just by J . As usual, we denote by T 1,0 M the eigenspace of J associated to the eigenvalue +i . The next three results due to Borel-Hirzebruch concerning to invariant almost complex structure are very useful in this work. A root system is said to be closed if, for every complementary roots α and β such that α + β is a root, α + β is again a complementary root.
The next lemma provides a useful criteria to determine when an invariant almost complex structure is integrable. 
FORMALITY IN THE SENSE OF SULLIVAN
A commutative differential graduated algebra (A, d) is called formal if it is weakly equivalent to the cohomology algebra (H (A, Q), 0), that is, there exist a sequence of quasi-isomorphism (morphism of commutative differential graduated algebras that induce isomorphism in cohomology) in the following way
A differential manifold is formal (in the sense of Sullivan) if their de Rham algebra of differential forms and the cohomology algebra (with the zero-differential) are weakly equivalent. For us, formal manifolds mean formal in the sense of Sullivan.
An important source of examples of formality in the sense of Sullivan are the ksymmetric spaces.
Theorem 4.1 ([12], teo. 7). Each k-symmetric space of a compact Lie groups is formal in the sense of Sullivan.
Since generalized flag manifolds are k-symmetric (see Proposition 2.7), every generalized flag manifolds are formal in the sense of Sullivan.
GEOMETRIC FORMALITY
Let M be a compact oriented differential manifold, g a Riemannian metric on M and Ω k (M) the complex of degree k differential forms on M. Therefore the de Rham complex is the following sequence of differential operators
where d k denote the exterior derivative on Ω k (M). The de Rham cohomology is the sequence of vector spaces defined by
We define the adjoint of the exterior derivative δ called co-differential as follows:
where 〈 , 〉 is the metric induced in Ω k (M). The Laplacian acting on forms is defined by ∆ = dδ + δd and is called Laplace-Beltrami operator.
Definition 5.1. The space of k-harmonic forms is defined by
We remark that a form ω is harmonic if it is closed and co-closed, that is, dω = 0 and δω = 0.
Theorem 5.2. (Hodge) Each de Rham cohomology class of a compact oriented differentiable manifold has unique harmonic representative.
Given a Riemannian manifold (M, g ), the wedge product of harmonic forms is not harmonic in general.
Sullivan in [20] proved that there exists topological obstructions to a Riemannian manifold admits a metric such that the wedge product of harmonic form is harmonic. This motivated the following definition. Examples of geometrically formal manifolds are the compact globally symmetric spaces and spheres. The cartesian product of geometrically formal manifolds (with the product metric) is again geometrically formal.
Other examples of geometrically formal manifolds are (see [14] for details):
Geometric formality implies in the formality in the sense of Sullivan. In [12] one can find examples of manifolds that are formal in the sense of Sullivan but not geometrically formal.
Clearly the problem of finding formal metric is a question in Riemannian geometry. On the other hand the existence of a formal metric implies in a restriction on the topology of M.
In this work we will proceed a careful analysis in the cohomology ring on a given homogeneous space in order to find topological obstruction to existence of the formal metric.
From this topological approach we cite [12] . In this work Kotschick and Terzić proved that full flags manifolds of the classical Lie groups SU (n), SO(2n), SO(2n), Sp(n) and the full flag manifold of the exceptional Lie group G 2 , do not admit any formal metric.
We will prove that the full flag manifolds of the exceptional Lie groups E 6 , E 7 , E 8 and F 4 do not admit any formal metric.
GEOMETRIC FORMALITY FOR FULL FLAG MANIFOLDS
Kotschick and Terzić have shown in [12] that full flag manifolds associated to the simple Lie groups SU (n), SO(2n + 1), Sp(n), SO(2n) and G 2 are not geometrically formal. In this section we will show that the full flag manifold associated to F 4 , E 6 , E 7 and E 8 is not geometrically formal too. This will give a complete understanding of geometric formality on full flag manifolds of simple Lie groups, according the Cartan-Killing classification.
Let us recall some results about the cohomology structure of full flag manifolds of classical Lie groups.
Proposition 6.1 ([12]). The class represented by
form a basis for the cohomology of SU (n + 1)/T n as a vector space. The multiplicative relations between the x 1 , · · · , x n are given by:
Lemma 6.2 ([12]
). Let M be a differentiable manifold of dimension n 2 + n, with n ≥ 2.
Suppose there are n closed 2-forms, x 1 , · · · , x n on M satisfying relations (6.2) .
vanishes identically. In particular, ω is not a volume form on M.
Proposition 6.3 ([12]). The classes represented by
form a vector space basis for the cohomology ring of Spi n(2n +1)/T n and Sp(n)/T n . The multiplicative relations between x 1 , · · · , x n are given by We now proof the main theorem of this section. Proof. We will proof the Theorem analyzing case by case.
(1) In this way, we start proving that the flag manifold F 4 /T is not geometrically formal.
Let us consider the following fibration
According to the Leray-Hirsch's Theorem we have
Since F 4 /T and Spi n(9)/T are k-symmetric spaces, Lemma 2.8 implies that the restriction to the fiber is surjective in real cohomology. Suppose that F 4 /T is geometrically formal. We now use the basis x 1 , x 2 , x 3 , x 4 for the cohomology of Spi n(9)/T given in the Proposition 6.3. Abusing of the notation we denote by x 1 , x 2 , x 3 , x 4 the harmonic representatives of the cohomology classes x 1 , x 2 , x 3 , x 4 on F 4 /T with respect to a formal metric. Therefore the relations (6.3) hold for these harmonic forms.
If we restrict these forms to the fiber, using Lemma 6.4 we have that
4 vanishes identically and this contradicts the Lemma 2.8. (2) The flag manifold E 6 /T is not geometrically formal.
We consider the following fibration
Using Leray-Hirsch's Theorem we have
Since E 8 /T and E 6 /SU (6) × U (1) are k-symmetric spaces, Lemma 2.8 implies that the restriction to the fiber is surjective in real cohomology.
Suppose that E 6 /T is geometrically formal. We use the basis x 1 , · · · , x 5 for the cohomology of SU (6)/T given in the Proposition 6.1. Abusing of the notation we denote by x 1 , · · · , x 5 the harmonic representatives of the cohomology classes x 1 , · · · , x 5 on E 6 /T with respect to a formal metric. Therefore the relations (6.2) hold for these harmonic forms.
If we restrict these forms to the fiber SU (6)/T , Lemma 6.2 implies that the form 3) The flag manifold E 7 /T is not geometrically formal.
By Leray-Hirsch's Theorem we have
Since E 7 /T 7 and E 7 /SU (7) × U (1) are k-symmetric spaces Lemma 2.8 implies that the restriction to the fiber is surjective in real cohomology.
Suppose that E 7 /T is geometrically formal. We use the basis x 1 , · · · , x 6 for the cohomology of SU (7)/T given in the Proposition 6.1. Abusing of the notation we denote by x 1 , · · · , x 6 the harmonic representatives of the cohomology classes x 1 , · · · , x 6 on E 7 /T with respect to a formal metric. Therefore the relations (6.2) hold for this harmonic forms.
If we restrict these forms to the fiber SU (7)/T , Lemma 6.2 implies that the form x 1 ∧x Let us consider the following fibration
Since E 8 /T and E 8 /SU (8)×U (1) are k-symmetric spaces Lemma 2.8 implies that the restriction to the fiber is surjective in real cohomology.
Suppose that E 8 /T is geometrically formal. We use the basis x 1 , x 2 , · · · , x 7 for the cohomology of SU (8)/T given in the Proposition 6.1. Abusing of the notation we denote by x 1 , x 2 , · · · , x 7 the harmonic representatives of the cohomology classes x 1 , · · · , x 7 on E 8 /T with respect to a formal metric. Therefore the relations (6.2) hold for these harmonic forms.
If we restrict these forms to the fiber SU (8)/T , Lemma 6.2 implies that the form x 1 ∧x 
NON GEOMETRIC FORMALITY ON OTHER HOMOGENEOUS SPACE
In this section we proof the non-geometric formality for several homogeneous space, including homogeneous space of exceptional Lie groups. Proof. The cohomology ring of F D (3; 1, 2) is given by 
Therefore we can consider the cohomology ring represented in the following way
Suppose it implies that the kernel distribution N y and N z has rank at least 2. Therefore we can choose locally linearly independent vector fields v ∈ N y and w ∈ N z . Note that by relation b 4 we have
Moreover, for any v ∈ N y and w ∈ N z we have
and we get
Using (7.1) and (7.2) we obtain
and this contradicts the fact that y 2 z 3 − y z 4 = y 2 z 3 + y 3 z 2 is a volume form; therefore
can not be geometrically formal.
The next Proposition describes the cohomology ring of the generalized flag manifold F(n + 2; n, 1, 1) = SU (n + 2)/S(U (n) ×U (1) ×U (1)).
Proposition 7.2 ([13]).
The cohomology ring of F(n + 2; n, 1, 1) is generated by two elements x and y of degree 2 such that Kotschick and Terzić have proved that the family F(n + 2; n, 1, 1) is not geometrically formal (see [13] ). In the next Proposition we analyse the geometric formality of the family of flag manifolds F(n + 3; n, 1, 1, 1). Proposition 7.3. The family of generalized flag manifolds F(n + 3; n, 1, 1, 1) = SU (n + 3)/S(U (n) ×U (1) 3 ) are not geometrically formal.
Proof. Consider the following fibration
Since the basis and the total space of such fibration are k-symmetric spaces, Lemma 2.8 tell us that all cohomology classes of F(n + 2; n, 1, 1) are restrictions of cohomology class of F(n + 3; n, 1, 1, 1).
According to Proposition 7.2, H * (F(n + 2; n, 1, 1), R) is generated by two elements x, y in degree 2 with relations According to Leray-Hirsch's Theorem, H * (F(n+3; n, 1, 1, 1), R) is a H * (CP n+2 , R)-module generated by x, y. We use the basis of H * (F(n+2; n, 1, 1), R) given by x and z = x+y in H 2 (F(n+2; n, 1, 1), R).
Suppose that F(n + 3; n, 1, 1, 1) is geometrically formal. Using Theorem 5.2 we can identify x, z with their harmonic representatives (we use the same y, z to denote the harmonic forms). On F(n +3, n, 1, 1, 1), x and z satisfy x n+2 = z n+2 = 0 and x n+1 = 0 = z n+1 , that is, rk(x) = rk(z) = 2n + 2. The rank of the kernel of x is dim(F(n + 3; n, 1, 1, 1)) − r k(x) = 6n + 6 − 2n − 2 = 4n + 4. Analogously the rank of the kernel of z is 4n + 4.
Since the codimension of the fiber is dim(F(n + 3; n, 1, 1, 1)) − dim(F(n + 2; n, 1, 1)) = 6n + 6 − 4n − 2 = 2n + 4, the restriction of x and z to the fiber has a kernel of rank 2n. Now rewritten 7.5 in terms of x and z we obtain
Contacting the equation 7.7 with a local basis for the kernel of x, {v 1 , · · · , v 2n } we have
Now contracting 7.8 withw in the kernel of z we have
and therefore (7.10)
Hence the restriction of x n+1 z n to F(n + 2; n, 1, 1) vanishes identically and this contradicts the Lemma 2.8, finishing the proof.
Our next result shows that a large class of SU (n)-generalized flag manifolds do not admit any formal metrics. We introduce the following notation:
, n = n 1 + · · · + n k + m, m = 0 and m ≥ 2, and
.
Theorem 7.4. The family FL(n) is not geometrically formal.
Proof. The proof is very similar to the proof of Proposition 7.3. Assume that FL(n) is geometrically formal. Now consider the fibration
and use the cohomology description of the fiber given by Proposition 7.2 and LerayHirsch's Theorem in order to get an contradiction. We omit the details.
Actually, we can produce several examples of non-geometrically formal examples using the same techniques above (description of the cohomology of fiber, Leray-Hirsch's Theorem, etc.). For instance, we can use the fibration
in order to proof that E 6 /(SU (3) × U (1) 4 ) is not geometrically formal. We summarize this in the next result, exhibiting a list of homogeneous space that are not geometrically formal (including several examples of homogeneous space of exceptional Lie groups). Table 1 are not geometrically formal.
Theorem 7.5. The homogeneous spaces listed in the
Proof. We will give the details just for the manifold E 6 /(SU (3) × U (1) 4 ). Consider the fibration (7.11). Since the basis and the total space of such fibration are k-symmetric spaces, Lemma 2.8 tell us that all cohomology classes of SU (3)/T 2 are restrictions of cohomology class of E 6 /(SU (3) ×U (1) 4 ).
By Leray-Hirsch's Theorem we have:
Consider the cohomology ring of SU (3)/T 2 given by Proposition 6.1. Suppose that 
where n = n 1 + n 2 + n 3 .
The isotropy representation of F(n; n 1 , n 2 , n 3 ) splits into 3 isotropy summands. Therefore F(n; n 1 , n 2 , n 3 ) admits 4 invariant almost complex structures, up to conjugation:
In the next proposition we obtain a complete description of almost complex structures on several generalized flag manifolds. This is done computing the Chern number c n 1 where n is the complex dimension of the manifold. Proof. We will proof the proposition just for F(7; 1, 2, 4). To the other manifolds, the proof are similar. The Cartan sub-algebra h of su(n) is given by
According lemma 3.6, the invariant almost complex structures J 1 , J 2 and J 3 are integrable and J 4 is not integrable. In fact, by analyzing irreducible summands of the isotropy representation and the Weyl chamber of h one can order the coordinates of the Cartan sub-algebra of (F(7; 1, 2, 4), J 1 ), (F(7; 1, 2, 4), J 2 ) and (F(7; 1, 2, 4), J 3 ) in the following way:
On the other hand there is no ordering on the coordinates of (F(7; 1, 2, 4), J 4 ). In fact, the manifold (F(7; 1, 2, 4), J 4 ) have the following roots:
In this way,
, and this is a contradiction.
The cohomology ring of F(7; 1, 2, 4) is given by: 
4169710642825728 3967580897280000 5340215200320000 68881612800
Since the Chern numbers computed in the table 2 are distinct for the 4 invariant complex structures we conclude that these structures are not equivalent. The cohomology ring of F(5; 1, 2, 2) is given by
We can conclude the proof analyzing the Chern numbers of F(5; 1, 2, 2) listed in the Table 3.   TABLE 3 . Chern numbers of F(5; 1, 2, 2) . If M is a smooth manifold with a complex structure J we have (cf. [7] , [13] where u i j = su(4)∩(g i j ⊕g j i ), and g i j is a complex root space associated to the root α i j .
By proposition 3.5 the flag manifold F(4) admits 2 5 = 32 invariant almost complex structures up to conjugation. According to [16] , F(4) admits exactly 4 invariant almost complex structures, up to conjugation and equivalence: where J is integrable and I 1 , I 2 and I 3 are not integrable. The cohomology ring of F (4) is given by
where According [17] a Cartan sub-algebra h of su (5) is given by
The isotropic representation of F(5) admits 10 isotropic summands, that is,
where u i j = su(5)∩(g i j ⊕g j i ), and g i j is a complex root space associated to the root α i j .
By proposition 3.5, F(5) admits 2 where J is the canonical invariant almost complex structure (integrable). The cohomology ring of F (5) is given by (5) with the respective invariant almost complex structure are in the tables 5 and 6. SO(2n) . In this section we will study the almost complex geometry of several flag manifolds of the classical Lie group SO(2n). We call this manifolds of flag manifolds of D l type. We will compute the Chern numbers of the invariant almost complex structures and use these numbers in order to distinguish them. In some cases, these numbers provide a complete classification of such structures, up to conjugation and equivalence. We will use a set of T −roots given by Definition 2.2 and the Proposition 2.3 in order to describe the irreducible isotropic summands of F D (3; 1, 2).
Generalized flag manifolds of the classical Lie group
The Cartan sub-algebra of h of so (6) is given by
and complementary positive roots are:
Consider the sub-algebra t of h given by
The restriction of the complementary roots to the sub-algebra t is the set of T -roots:
Therefore,
where, dim C (m 1 ) = dim C (m 3 ) = 2 and dim C (m 2 ) = 1. By proposition 3.5 F D (3; 1, 2) admits 4 invariant almost complex structures, up to conjugation:
Using the same techniques as in the previous section one can check that J 1 , J 3 and J 4 are integrable. The cohomology ring of F D (3; 1, 2) is given by
where s k = x 2k + y 2k + z 2k and e 3 = x y z, with x, y, z in degree 2 and k = 1, 2. The Cartan sub-algebra h of so (8) is
The complementary roots are:
By proposition 2.3, According [17] , a Cartan sub-algebra h of so (8) , be a Cartan sub-algebra of so(5).
Consider the following maps
The roots of F B (2; 1, 1) are described as follow:
Therefore the isotropy representation of F B (2; 1, 1) admits 4 isotropy summands:
By proposition 3. The roots of F C (3; 1, 1, 1) are given by: 2α 1 = 2λ 1 , 2α 2 = 2λ 2 , 2α 3 = 2λ 3 , α 1 −α 2 = λ 1 −λ 2 , α 1 −α 3 = λ 1 −λ 3 , α 2 −α 3 = λ 2 −λ 3 , α 1 +α 2 = λ 1 +λ 2 , α 1 +α 3 = λ 1 +λ 3 and α 2 +α 3 = λ 2 +λ 3 .
The isotropy representation of F C (3; 1, 1, 1) admits 9 isotropy summands:
Therefore Consider the Cartan sub-algebra h of g 2 as a sub-algebra of the diagonal matrix of sl(3) and let λ i be the functional of h defined by λ i : diag{a 1 , a 2 , a 3 } −→ a i .
The simple roots of G 2 are α 1 = λ 1 −λ 2 and α 2 = λ 2 . The set of positive roots are given by Π + = {α 1 , α 2 , α 1 + α 2 , α 1 + 2α 2 , α 1 + 3α 2 , 2α 1 + 3α 2 }.
The maximal root of G 2 is µ = 2α 1 +3α 2 . For more details about the Lie algebra structure of g 2 see [17] . Therefore we have three flag manifolds associated to the Lie group
(1) F G = G 2 /T , the full flag manifold. This manifold has 6 isotropy summands.
(2) F G α 1 = G 2 /U (2) defined in terms of simple roots by Θ = Σ − {α 1 }. This flag manifold has 2 isotropy summands; (3) F G α 2 = G 2 /U (2) defined in terms of simple roots by Θ = Σ − {α 2 }.This flag manifold has 3 isotropy summands.
We will compute in the next sections the Chern numbers of (F G , J ) (where J is the canonical invariant complex structure), F G α 1 and F G α 2 . According to proposition 3.5, F G admits 2 5 = 32 invariant almost complex structures up to conjugation. Furthermore, F G has a canonical invariant complex structure compatible with the Kähler-Einstein metric, see [5] . Let us compute the Chern numbers of (F G , J ), where J is the canonical invariant complex structure.
The cohomology ring of F G : In the next table we compute the Chern numbers of (F G , J ).
Chern numbers of (F G , J )
